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In [1], a proof of the pnme number theorem IS given, using the
following theorem.

THEOREM A. Let f be a real step function defined on (0, 1] by f(x) = an
throughout (1/(n+ 1), l/n], n= 1, 2, 3, ..., namely, f(x) = a[l,.x] throughout
(0, 1]. If the special sequence of Riemann sums

Il

Bn=(1/n) L f(k/n),
k~J

n = 1, 2, 3, ...,

converge, as n --> x, then so does the improper Riemann integral J6- f, and
to the same limit.

Theorem A is derived in [1] from a theorem of A. Wintner [4], which
is as follows.

THEOREM B. If the function f is Riemann integrable on [6, 1] for every
6 in (0, 1), and if the lim" ~ 0- c; 2:E::'''r f(ke) exists, then the improper integral
J~- f converges, and to the same limit.

The proofs by A. Wintner [4] and Ingham [2], which are cited as
references in [1], are difficult and deep. The purpose of this note is to
present a proof of Theorem A based on a well-known result of E. Landau.
It can easily be seen that the same proof is valid for Theorem B as well.

Proof of Theorem A. Let g(x) := f(l/x) and

G(x):= I g(x/k) = I f(k/x).
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RIEMAl"N SU~IS AC\D nIPROPER INTEGRALS

ForO<E:<l,

.[ • i ,.1 0 1
I f(x)dx= i g(l/x)dx= I ---:;g(t)dt

• f • e .' I t-

.1'0 1 ·10 "(k\=1' 2 I fJ.(k) G(t'k) dt= I i fl.2'GU/k)dt,
oJ 1 t k.:::; ( k.:::; l'E. ""k l

where fJ. denotes the Mobius function. Since G(x) = G( [x]),

G(x) 1 / k \ [x]
-=- I fl-_I.-,

X [x] ks;[,,] \[XJ) x

and. thus.

I· G(x) l'1m --= 1m B,,=L.
X----+X ~X" n----+y

Hence,

107

G(x) = Lx+ o(x) as x---> x:.

;\low, using the fact that J: (lit) dt diverges, we have

.[ j1(k).\S(L (1)\
J

E

f(x)dx= k~okL t+ o t jdt=L.5(l:E)+o(5(l/e)),

where

5(1,'e)= I fJ.(k)rIO~dt= I j1(k)log~_ I p(k)logk
k s; L 0 k "k t k s; [ 'e k E k s; 10 k

1 I 1) , fJ.(k). .
=log-·o I ,- I -rogk,

e \Iog(l/e) kS;le k

by a result of Landau [3, p. 568-569]. Therefore as £ ---> 0 ~ ,

.1

I f(x)dx=L(0(1)-(-1))+n(1).
Os

and

,i f(x) dx = L.
'0-
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